







































































































A Gentle Introduction to RepresentationStability

Stability Properties of Moduli spaces R J Rolland J C H Wilson

a homologyof a Group
a group
Fact 7 a topological space called the Kca 1 space X
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x is unique upto homotopy
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Exemplet switch to sideboard

The braidgroup Bn
Bn group of braids on n strands

Bn s Sn

Ker Bn Su PBn pure braids

gI I
l PBn Bn Sn I

Breidsasfundamentdgrup
PConfn d on sa Xi E A distinct

F
IT PConfn a PBn

confnfal Can yea permutingtheparticles

IT ConfG Bn

Fact confnd Pconfnd are in fact the kChill's
for Bn PBn

so we can study the a homologies of braids by
studying these configuration spaces



Homological Stability 08it Gi Gino Git

Eg Bn familyofgroupsindexedbyn
thet.fi itt go

grow in complexity 6 Dit
in Bu G But Bub CE I 2

in HkBn HuButt

in H Bn Hi Bun

Fact H By Bib I 22 for n 22

in H Bn H Bua is an iso for n 2

HzBu I 22 for n 4
and
in Hz Bn HzButt is an iso for n 4

In general

in HkBn HaBnt is a iso for n 2 2k

Soeventhoughthegroups are growing insome sensetheirdimk structure

ftp.ihtallstedbit homologialstability

Other familiesof groups that satisfyhomological stability
Sn n MCGEEg3g Gin R1



Representation Stability

What happens when we don't have homologicalstability

Example PBn
in PBn PBut

i

what's H Prn
view homology classes
as particledances

Hi PR E 2k
averted by

Lehomologicallystable

But they stabilise as Sn representations

The rest of this talk will be about making this precise
We'll move to homology with Q coefficients

Hk PBn Q is a Q vectorspace

Sn A PConfn a m

Su n Hk PBn Q
so the Q vector space HrPBn Q can be viewed as an Sn represented
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Fact Any su rep can be uniquely written as a directsum ofineducibles

The irreducible of Sn are in canonical bijectionwith
partitions of n

Eg B is a partition of 4
Denote the corresponding irrep as Hay

Remarks The underlyingreasonbehindthisstability can be understood
through FI modules Modules over thecategory FI

I For a finitely generated FI module we have
Sn representationstability in the sense describedabove

We have similar stabilityresults for PConfn M respConfn m
instead of PConfn a resp Confn E

Othertigreps besides Sn also arise naturally when
studying rep stability of differentfamilies of spaces

If time left sketch out FI Modules

Viewing Pant H Pconfn as an FI Mo

Finitegeneration



FI modules

The FIcategory category of finitesets and injective maps

i É 2 I 3 I 4 I s I n

E E E E E

An Ed is a functor V from the FI category to thecategory of
R modules for some commutativering R
Let's use In todenote the image of the object n under this functor

An FI module

g
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ti PConfn d as an FI module
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Logy6527
Thus we can obtain all the generators from an

This is a specific case of a finitelygenerated FI
module

therethe EI module isfinitelygenerated by 2 2123

A general theorem states that for a finitelygenerated FI
module

we haverepresentation stability in the sense describedearlier


