
 

A Riemann surface i din amplewfld

If X is compact Then we know that X ima Ig
Uniformizationthy X simply conn R surface

Then X bilal to as ID or d
unitdish I
w o bdry

If X is a R surface I universal cover

then I e d IP d
t

Soevery R surface can be realised as a quotient of
a IP or ID

pcovering megs
Conservence Fact IP x

3
Canshowthat X hasto be IP
forthis to happen

a

Consider Deck
transformations

Theyhere to be a
discrete

familyof bibl megs
Bilal maps G A at tb I e be A

Any discretefamilyofthem looks like either cattb
or Effie where E hes 40 det

Emos Quotienting e by the actionsof
eitherof thesegives

Tyler or toe respectively

Eton 3 If x is e R surface not IP'scyl
or Torusor

a thencan be realised as a quotient of
ID



Def Branched Cover X Y Riemann surfaces

f X Y s E F BCY 1B ca

s t for A f B

flap XIA 4 B is a covering

If B is minimal Bf B is called theset of
branch pts off

Rf f B ramification points of f

Example D polynomials d d

2 If X Y pet f x y non constant hot

Then f is a branched cover of finitedegree

Defy fix Y X Y compact topspace

f is par if t key
f key

compact subsetnotation

Eg a 0190
fez et is an infinitesheeted branched cover

Any entire fn d d is a branched cover



The Riemann Hurwitz Formula

If X Y ere pet R surfaces
f x y hes degree N

r ramification pts
b breachpts

Then
x x r N x Y b

2 Note that Exfdegtp 1 Nb r andthustheformulafollows

Assume all branch pointscoincide

e edges

I Pullbackof I by f X Y Then I hes Nf faces
Ne edges

u Edgar y
vertices

axfnf.net Nu Excdge
1

t
Basically weneedto
countthe ofpreingIx x N 714 g degfP

1
ofeverypt

Havetobecarefulaboutliftingfgggrienggletofetfaitheethitsthecover
sincethisis adegree

fact that the
branchpts exe

g wa e em www.mpw.mg impotentheretoensure a map we
have

j

www.msn.aasaon et.ttpullback toedges
andno breaking or branchingofthe pts and N Agfeftons

andhence a edge Mfdwouldhavetime1
though I degf 1

Don t knowforsure its If x 4 x x x y o unlesswehere
something like localdiffer

r r

b
But Iassuming themap

is surjective this isnot

possible Anybreachpt hes
N preimageswith

multiplicity and it being a
breachpt implies

atleast oneof those
multiplicities is 1 foregin

thedeg 2map z 22 O hes a pre
inge 2 w

multiplicity

St thecontributionofeach branch pt to
thesetof reunification

pts is

N So if b o then 22Nb
a

contradiction



f x 4 xx bothhere as univcover Can precompose f with a x
to get a 4 andthen lift that

to g a a Q1 whatdoesglook

I i Miti get me

like

817 2 g z tasty
A wagehe

ii
Fit note di a cts
firs takingvalues in

g Eti get A discrete lettice hi

g let 2 g z toe so constant

gca ti g z

Vip liesthatthe values of g
only come fromthis compact

shaded

siftThis regionis yet thesevalues
are

bounded

g is an entirefin with boldedrange

g
C constant

g Cz t D

817 1 get the
3

Cat C t D Cz t D th

gfat 2 g 7 tWz I



So given 1 At de he a Gee

g e cat D I Celaback
end

Questions

Well definedness of liftingup a triangulation

Uniformitation Little Picard

need A non constant holomorphic fi fi d d
one point ie there is almost one point at Tintagel

If i suppose I f d d a b

Uniformation univ cover of d a b has to be D

IP cenonlycover it a cen only coneston end cylinders

Lift f v f d D

F AID

It lab

is a bounded entirefunction i constant

Contradiction



Day 2

Monodromy Permutation Representations

f X s y branched cover BCY branch points R C X ramification points

Fix q E4 B Let q En f E3

Take anyloop 2
E IT YTB q Lift 2 starting at q s let

the endpoint of this lift be old
Thus liftingso defines

a permutation of 9 En

i o i

Thus f x 4 gives rise to a homomorphism p T141Bse Sn

qn

Ég YiEB

X Y
1 3

0 27 n

Let B y Yu For ie ie k let 2 be a loop
centred at q wrapping

once around yi

We are particularly interested in
the permutations 1 ri defined

by lifts of the si
Thus thisgives a wayofstudying how f wraps loopsaround
the singularity Yi in 4113



Eg
1 f d Id

Z to th

R 0 as B

Let 2 1

r

f 2 I 2 3 n E Sn

2 f d I d
z t IIF

f z 3y É
j 3É

Critical points O 3

Critical values O 27 4 B

f 107 0

f 27 4



Lool deg at
3 multiplicityof 3 in f a 1

2 So one more pre inge
so f 27 4 3 x

adf.ie pÉipÉi
qui 1231 pp 122

Observations l p IT 4 B q Sn defines a transitive
action

1 Given I E i je n take any path
2 from q to Ej Then f s gives a

loop centred at q whose lift is 2

Thus p ffs sends i j

2 Eg 2 shows that I may not be

i e t's free 9 a iz t id but

g gx x id p a still fixesE3
But in Egl it is free

ie
3 The action may

or may not be faithful
919 x although both examples here are faithful

id



Im Fix Y B ay IBI ca ne IN E e4113

Then we have a bijective correspondence

branched covers f x y y x compact isomorphisms

branchpts Bf CB
i

1 I
l T 4 B q Su 4 transitive conjugation

Pnd We already know how to get f from
a given f x y
So we need to construct a way to go

in the

reverse direction

From coveringspacetheory It We 4113 coveringmet

T I

Subgroups H C 9 111443,2

The subgroup H is precisely the group P IT w

C IT YTB Ci e the loops in YIB that get
lifted to loops in W

Another way saying this
is H consists of the loops

that define the trivial permutation on I in under f

Let H Ker p CI 4113 E

Let f W Y113 be the coveringspaceassociated

to H
Transitivity of f n sheetedcover



can use the covering map f to lift the complex
structure on 4113 to give a complex structure to W

thereby making it a Riemann surface

In fact
Ect If f s y s where Y is a Riemann safe s tented

then'y indytlexosincture on s which makes f hot

We need to extend this cover f w 4lb to a branched

cover f W Y

For ye B pick a small disk D around y
Then ft Dlgy Wi where each

flu Wi D y is a finitesheeted cover

D Y is bilal to D 103 just sale by a suitable

factor

In fact
Fact Two annuli of radii Rio s R r

respectively are bilal s Ry R o

ID190 I D y is the special case of this with
2 y O



Fact Any finite sheeted cover of ID Eo has to
be by a IDI903 the covering mep being the
usual z to Zk

This cen be proved using the Uniformization Then

ID 03 is home and bind to a cylinder and so

its covers are a infinite sheeted or TD1903 itself

so we here 101903 Yindeglet
ID190 I D y

Lifting the 111903 D Ey bihol gives rise to
a bill D So Wi

Use this to add a point to Wi by extending
the map to ID Will bi

Extend the map f W Y B to f w u bi Y

by letting flbi y

X W U new disks is the desired compact trenched

coverof Y



I 4 a
B o as

q I

4 B E cylinder

f T 41B a Sn

I n I l 2 n

Kee f e n a

correspondingcover cylinder wraps around n times

FT It
É

Extending the map from d 190 as 190,0

to I I using the above
construction

gives back the
branched cover an E

Aside Monodromy Braid Representations
Consider the example Z E

I
The permutation determined by the lift s of the loop

2 is iz

If in addition we also traced the motion of the lifts 2 and a
writ each other



timet o

the monodromybrei

sina.ws ii
information by encoding the tangling
up of strands rather

thenjust
the permutation theydefine monotony

braid representations can encodemoreinformation

then monotony permutation representations

Applications

Monodromy Permutation Reps studying solubilityof
polynomials

Monodromy BraidReps Curt McMullen's Braidingofthe
Attractor



Days
A compact Riemann surface X s t

Hyperellipticyteomorphic
map and hence branched on

f x's p of degree 2

Let g genus of X b no of branch pts r noof ramification
points

We always have b E r e n 1 b Since n 2 here this
forces b r

Riemann Hurwitz Formula

xx b 2 XCP r

2 2g b 4 Zr

22 b 2 2g
16 22971

Thus IT X E ppl determines a tupleof 28 2 pts on IP
Fact titedotrie
We will sketch a rough proof of this

Let a er agr E IP
h x for all foray to Cage
Let X Guy I y hat
x is a Riemannsurface



However X is not necessarily compact yet

Let K z 229thYz
Zeroes of k Yai Is it 29 2

Let Y z W w Kz

Define 4 x Easy o o yes follows

U X boy o o Y
es y 1 Ya s W

Need w kl'M gig heal III
w

Ey
choose
thy

a xiii.nl

Ix y la Ig

Let H UWV my 4GD



Turnout Z is compact
t hes genus g
Z is the hyperelliptic surface

we're

lookingfor
Define IT Z IP by

my to x

ftpItInndueionfmy
to x y

Then g has order 2
e fixes 29 2 pts i e the points ai o

tiHyperelliplicinalition

Defy Z apt Riemann surface
I Z Z is a hypetellipticinvolution if

f has order 2 and

f fixes 2g 2 points
Fact Z is a hyperelliptic surface

I
Z has a hyperelliptic involution

TheM can be provedby quotenting z by theactionofthe involution f
TheMythditicttontient be proved byusingthe above

construction

and the furtherfollowing fact
Fact Two tuples Can an agtz and ai ai aigtz

in IP give rise to isomorphic Z Z

S The tuples are related by a Mobius transformation



Moduli Spaces Examples

Mod S2 9 3 IP

Mod ID x y D E

II a ID ID

E What is Mod D 8713 Ans A ID Oga
The f ratio

ID foran annulus

So Mod Torus parameterized by IH

3 punctures

É x

Mod 52190,19

Mod s a bit d 90,1 as

Mod s In pts c ppm s


