


Rational DualityGroups and H Sink Q

Motivation
Calculating H Sin 2 Q

Hi Sink Q
ved E

i

n

Group Cohomology
5 Group M module over 25
We can define a homology groups H T M and H t M
Above we're viewing Q as a 25 module with trivial T action

Algebraically Take a free more generally projective
resolutionof

over 25

Fn F Fo 2 0

IE Mm fit
M and take homologies

M m rm 8 57

For HCT M applyHomer M and take cohomologies

Fact HCT M E M m 8m m YET

Topologically suppose contractible cw complex with TAX

iTunar
Then H T M E H IT M

Hct MI E H IT M

Upshot If X is a nice space we can use it to study algebraic
properties

of T such as cohomologicaldimension



cohomological dimension

Def Cohomological dimension

Cd T max n H Ti M 0 for a 25 module M

Rational cohomological dimension

CdaT max n HIT v 0 for a QT module V

Note Cda t d t

Efen if
sit Sin2 a freely cellularly s t dim k

In Symmetricspace

52h2 A Stalk socn Xn symmetricspace

g A gAgT
dim Xn I 1

In fact weFather trimdown Xn to a space In of

Xn andYu is contractible

action is not free Problem finitestabilizers

But if we pass to a torsifree subgroup T CSln 2 then

1 n Xn is free
We can still salvage information from Sln2

Xu byturning to

is IifiIIcos.aenedacrn edait
The same holdsforCd T if f is torsionfreewhich She is not

Fact Sink hastorsionfree subgroupsof finiteindex Egkerof sine SinYp

so from the above we have CdaSine I in fact equalityholds

Thus H Sink Q 0 for is

Q what about i 9
A we can use a dualityproperty



RationalDualityGroups

Def Let R be a ringleg2or Wesay is a dualitygroupover R

if integer k and RTmodule
D sit we have

Hilt M Hr i tijfz.gggM
RT modules M

Here T A DORM diagonally i e 8 dom do_ 8m

In particular RM I DORTM

Rmd By plugging M RT we see that D HCT RT
D D RtRT DORRI Holt RRT

HUT RT

The Sink is a duality group over Q
Thus Hi Sine Q EHy i Sln2 D QQ I'Estigffite efficient

Risk Wecan thinkof this as analogous to
Poincareduality with a twistingof the

coefficients

Thus findinghighdimensionalcohomologyof Sin2 translatesto finding
lowdimensionalhomology albeit at thecostof a more complicated

coefficient

module which we can hope to do by constructing partial
resolutions

Goal Prove SLnZ is a rationaldualitygroup
Get a concretedescriptionof thedualisingmodule D TurnsouttobeStnQ 0

SteinbergModule

For both theseanswers we'll look at theactionon symmetricspace
SLE A Xn Slur so n

Because SinkAXn is notfreewe'd like to beable to pass to a torsionfree

subgroup

Feed If t T as then f is a dualitygpover iff t is

same holds for dualitygpover 2 if T is torsion free

Fact If T is a dualitygp over
2 then T is a dualitygpover Q

w dualisingmodule D zQ



so our goal now is to proveany finiteindex
torsionfree T c sink is

a dualitygp over 2 and to find its dualisingmodule

The Bieri Eckmann suppose I is oftype FP ie fg.seaftezfngfsfinitetypeTFAEt is a dualitygpover 2
14 H'CT 25 0 it K

HK T 25 is torsion free
calimpeofProofi iffy p if If

a projectiveresolution

This allows us to calculate Hifi M and Hai T D M
from

thesame resolution

updatedGoal If of wewant to relatethese
with untwisted integralcohomolog

H T 25 l torsion free of a topological space
Fact If X is contractible and T spot then

H T 25 E Hd X 21
Problem Xn t is not compact in our case

Solution Boredserve compactification

This BoredSerre There exists a compactification Xn C In s t

Xn xn̅ is a homotopy equivalence
In T is compact

In is a topological notsmooth manifoldofdim I 1

Oxn̅ In Tits building
is a simplicialcomplex v5 2

Thus we now have
HCT 25 Hi x ̅ 25 If i CE din e

a i Cox 2

x ̅
Hy i Ink 2



Since Eno V5 2 Hx is concentrated in dec2 offoftegelian
i e precisely when

p i e n 2

1i CI
Thus sink is a dualitygp over Q

Dualising module Hnz enQ 2 Q
ffg

Time Permitting

The TitsBuilding In Q

Vertices DEV Q proper subspaces

psimplices flags of subspaces
OfV0GV G Vp Q

dim In n 2

Eg suppose Vi V2V37 Q Then the following
is a subcomplexof EQ

V17

v up apartment classes

a c us Eve

This Solomon Tits 2nA V52

Stn Hnz 2n 2 is generatedby
apartmentclasses

Note Sink As In so stn Q is a Sink module



A picture to see how oxi EQ

Nde 220 QU as discrete set ofvertices

5122 A SLR so I 1H

SLIR A 1H by fractionallinearmaps transitively
2

stab it 502

Disk Modelof142 Consider the following tilingof thedish
by triangles

pt

i
Xp

IIIT
Here we startedwith the litigeceiter triangle andobtained
more triangles by successively reflecting eachvertexabout the

opposite side Alternate triangles are shaded here in orange

InkThesetriangles are preservedby the 5222 action
Using generators bi for 542

Note The corners on theboundarycircle are not in 142 but we can
add them in without changing thehomotopytype
The resulting quotient x ̅ sink isalso compact

The addedpoints exactlycorrespond to QU as so

jox QQ


