
TheHomologyof the LittleDisksOperad DevSinha An InformalSummary
FirstPass AnOverview

Goal To understand confuIrd specifically its Hxand H

ConfnRd a a xn RieRd dit di

i
We'll focus on concrete combinatorial descriptions of Hx andH
We'll describe the d 2 case first whichcaptures theheartof thepicture
and then describe the general case

H confnIR andTrees

in
H confn 1221 no 1 dimstructure

view loops as particledances

EG iffing i in

view this as a map
s Confn122

so get inducedmap
H Hi confn122

We can use this strategy to studyhigher degree Ha

HzConfnR2 2 dim structure

We can constructmaps
s xs confulk

And look at the imagesof inducedmap
12
Ys

HzConfnR2
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So we're constructinghomologyclasses via orbiting planetsystems
Wecan representthese orbitingsystems usingtrees

Yif in

iiiIii
Iiii Ee

in EpIIII



internalvertices internalvertices ITI gives thehomologydegree

f eaves
root vertex

leaves gives the no ofparticles

so given a labelled forest we have an associated homologyclass

Note We have so far only
describedsome homologygp

elements

We can get others by foreg taking
linear combinations ofthem

Turns out the above describedclasses generate all thehomology

But they havesome
relations between them i e they are not a

basis

Y p
t

if 0 Anti symmetry
Ti R are
subtrees

0 Jacobi

R R R

Rink Ingeneral it is usuallyeasiertodescribegeneratorsof configurationspacesthantheirrelations

cohomology Graphs

How do we start thinking about H
Just for the purposesof this talk HK X HomHu X 21
In general we alwayshave a naturalsurjectionHK

HomHa 2
which is an iso if for eg all Hu's are torsionfree

so for eg H S Hom H 51 2 I 2

To study H confnir we'll constructmaps
Confutt S

to get induced
H Sy H confuR2



weH'IS it c's
sending

Analogous cohomology class in H confulk

III Y

Lij Hconfu1R

5 the
motion of

iwrtj.iti Aj Y j 0

Rigorously we have a map

aijConfulk s

Mian
g

1 F t

Represent Lij by a directed graph

we've described some elementsof H confnIR
turns out theyalso generate H
we understand their action on Hi as He 2

What about higher HK

Using the cohomology up product we can get some

higher degree cohomology classes

We'll represent these as graphs too

Eg 2,2413 H 1



34212213 E H3
2

7574
Implicit in these graphs is an ordering of the edges
to record the order of multiplictof the Lij's

Note edges IE G I m degreeof cohomology IE a I

FfTT ar differ in reversalof k arrowsand edgereordering byo
G sgno7G 0 Arrow Reversing

o camera

dulltoJacobi
for Hx

Proposition Any H class represented by a graph withcycles is 0

Pfsketch we can use the Arnold identity inductively to reduce

to graphs with shortercycles Thus we can reduce to
graphs withcyclelength 2 ie more than one edgebw

2 vertices
since w 0 in H S we have dij 0 Thusgraphs
with multiple edges b w two vertices are zero

Thus we can take all our graphs to be acyclic

But how can we understand thesegraphs as Hom Hr 2



9hgI.ie I ave a way of associating cohomology
classes to directed labelledgraphs with an ordering onedges

To understand how they act on Hu we need to
unpack how the cup product works
But it turns out there is a combinatorial rule that
captures this

This shoulet for eg giveus
2 Y I

4 12 Y 2 0

Here'show wedefinethegeneralpairing G T

If there's an edge in.j in G sit there is no

path bw i j in T then CG TIe

Eg me Y r 0

Otherwise define

Bast edgesof G internal verticesof T

i is lowestvertexof pathfrom i to j

Eg 1T

iii
a T 0 if Bait not a bijection

1 0 w

depends on 0

Editson



The General d case

That
changes loopscollapse foreg in

1123 we have enoughdimensions
to collapse theloop 2

Don'thaveany homology untildegreed 1
Eg d 3

off3 y
s confn1123

HzS2 Hzconfn123

3

5252 Confulks

Hy5452 Hyconfulks

Can still use trees forests to representtheseclasses
Atree T gives a degree IT d 1 homologyclass

Relations

Tyte pget
mittled

try O Anti symmetry

s

f
ᵗ

0 Jacobi

R R R

For cohomology we definemaps

Aij Confurd Sd1

Fw we led s

We represent dig with a directed edge



And productsof the di using directed graphs

12913 3421243 17 4
Att If a az differ in reversalof k arrowsand edgereordering by5

G 1 1 ʰᵈ sgno G 0 Arrow Reversing

o canal

similar to the d 2 case dij 0 and we can take all

graphs to be acyclic

The Graph Tree pairing is
also similar

Bast edgesof G internal verticesof T
is lowestvertexof pathfrom i to j

Eg

iii
a T 0 if Bait not a bijection

1 0 w

depends
on o d and
orderofleaflabels on T



Second Pass Some Proof Outlines and Ideas

Pf of Anti symmetry and Arrow Reversal Relations

Recall that we defined certain homology classes in Confurd
associated to trees T by embedding a productof spheres
sdi in confird Let the embedded submanifold be PT

To define these homologyclasses integrally we need

to orient P We can orient P by parameterizing
it through a map from Sd1 T andusing the orientation on
the torus

The relations of anti symmetry on Hx and arrow reversing
on H arise from how certain reparameterizations affect
this orientation

Anti symmetry

Tift g get
hilltledit

tapt o

Both Y and I define the same submanifold butwith

different parameterizations

ifeng.ie is Eian



The swapping of T and To corresponds to the

antipodal map on the factor of sd
1 corresponding

to the vertex v xp which gives the 1 1 sign

and in shuffling all the factors of sd 1
corresponding to the internal vertices of I to the

front which gives the C 1
E Id

sign

Arrow Reversing

If Gi Gz differ in greversalof k arrowsand edgereordering byo
G 17 Isgno G 0

The 1 1 ʰᵈ arises from the antipodal map on
eachSd1

corresponding to the k reversed edges and sgn o

crises from the reordering of the order in
which the αijeH

corresponding to each edge have been multiplied



Why the graphtreepairing rule works Aproof in pictures

Ef 2.22 x
Recall ix

2 is obtained from the image ofthemap

F Ox
sis

titi

Give a Δ complexstructure to S'xs

Then 42223 Y 412423 F v uv2 F Vovv2

Efs
223 F4,423 212FVov 43FViVz

T
O

on the otherhand for 42223 T1 the analogous computation

yields

12923 Y 412423 F v uv2 F Vovv2

fk y q3k
Fair 1

where u

F a

5



In general we can give s a Δ complex structure by partitioning
o I into k k simplices of the form Vov Up where

each vivit is an edge of Io 13ᵗʰ

Thus for at Hk heHa w h is a sum of terms of the
form ii Evo v di i EU V2 die in fun Va

The image of each edge vj viti is a single S orbit
in the homology class Note that orbits correspond to internal
vertices of the associated tree
Thus a given term is If iff vjvjt maps to an orbit
sit particles isand ijt are on different components of
that orbit
This can happen iff the pairs ij jti which correspond
to the edges of the graph G can be put in
bijection with the orbits corresponding to internal vertices

of T s t each pair is iju is on different components
of the associated orbit This is exactly what the
combinatorial rule said

All other terms will be forced to be 0 and thus
w h O iff a bijection of the above form exists



Determining H Confurd and H confnRd

describe
some Hx classes usingforests and some

H classes using graphs
We have certain relations among these

forestsand graphs

Using these relations we can deducethat all forests

c.pe1t aPtthse
whosecomponents consistof
longgraphs

in
g E

A tell tree A longgraphhere i isminimel
amongthein heremggispamin.gg

The graph tree pairing on tell trees and long graphs
is perfect in the sense that it is I iff
il iz in jig ju and 0 otherwise

This lets us deduce linear independence of these H
and H elements and thus gives us a lower
bound on the ranks of Hx and HX

A spectral sequence argument on the fibration

Ysd confuted ConfnRd

gives an upper bound on the rankof
Hconfald

of Hx 191 H Confuild

This upperboundagrees
with therankof forests spanned

by tall trees and
thus suchforests form a

basisfor

all the homology



Third Pass MoreProofs

Formalising the orbitsystem submanifolds

Given a labelled tree T we want to write a

map Sd 1 T confard that parameterises

the orbit system submanifold PT
We do this as follows

sd 1 sd 1 x sd I ConfnIrd

Uus Uk Uv H R1 R2 2n

where

x Ʃ Ehs
Uy

vjbeefy

here E c 3 is fixed

hj is the height ofvertex uj ie
the no

of edges b w us andtheroot
The sum is taken over all vertices vswhich
lie on the pathfrom leaf i to the root

The sign is 1 if the path from i to theroot
goes through the left edgeof us and 1

if it goes through theright edge

EG T hail 1 h v2 2 h us h y 3

I

Euv E Up E Uv 26 EUv E Uv2

22 Euv E Uv Ky Euv E uv E3Uv

k EU _EUV



oh

age

yes
Torigin

a no 0 Kg

radiusoforangecircle E

radiusof brown circle
radiusof green circle

radiusof blue circle
93

Profof the ArnoldIdentity

A precursor determining Hd confurd

sketchofproof Induct on n

For n 1 confused Rd so led1 0

We have a split fibration

Ysd confut1Rd
Confuted

The action of IT Confurd on the fibre is

trivial and we can use the Leray serve

spectral sequence to deduce that

rank Hd ConfutRd rank HoconfnRd Ha Lsd1

Ha ConfuRd HoYsd1

n 2 E



Thus rankfed confutRd rankHay Confutilkd 1

Now consider the elements ij g

of Hd confutRd and the Y in HaConfuteRd

The pairing on these
elements is perfect i e

Pg y 1 if i j kill and 0 o w

Thus all theseelements mustbe independent

Thus 1 rankHd ConfntRd
1

This implies that Hd confutRd
is spanned

by the αij In fact the i j and y are

dual bases for Hd1 and Hd 1

Alternatively could take LES of Ta's
on the

fibration Since the fibration splits the LES splits

into shortexact sequences
Can inductively deduce

that confnRd is d 1 conn

and that Ta confuted is free abelian Moreover

rankTo_ConfuRd rankftp.iconfuilkd rankTo YSd
t

1 n t 2

Then Hurewicz Ha Confuled To Confuld 2

Note that this argumentonlyworks for d 2



The Arnold Identity

It suffices to provewhen there are no edges
incident on j k l other

than thetwo involved in the identity
Thus it suffices to show that 2june Luedej αejαjk 0

Assume that j 4,13 1,2 3 and that we're working in ConfsRd

IfIde To express this as a cupproduct that
is demonstably 0

We'll use the fact that cupproducts
are dual to

intersections

Proof Since ConfsRd is a manifold its cohomology is

Poincare Lefschetzdual to its locally finitehomology

Consider the submanifold of N 2223 Confid
s t.se sin as are collinear This submanifoldhas
3
components Let Coli denote the one in which x

is in the middle

Coli is a submanifoldof codimension d 1
suppose ni x aid Then n mnas beingcollinear

means that 2111g 114 for allaged Thisgives

us d 1 constraints
Whenoriented coligives a locallyfinitehomology

classincodind 1

Thus the Poincare Lefschetz dual ofColi is in
led confRd Thus it is a linearcombination

of Air 923 931 We can findwhat this combination

is by intersecting coli withvariously
see explanationforwhy
this is true at the
end ofthe proof



Note Coli can only intersect Y and y and
does so at exactly one point each

Moreover these intersections differ in signby Is
coming from orientationreversingofthe line on which
the 3 points lie

Thus the dual ofCol is Aij air
Since Col and Col are disjoint their dualscup
product to 0

Thus 0 air 9,3 923 921

9,2923 9,294 913923 913921

9,2923 0 1
1123as 17 3912

9,2923 92393 931912

Explanation of
Here's a general fact

Let M be an mdimmanifold and we HK M
Let o E Hu M and let WLEHmK M be the
Poincare Lefschetz dual of w
Then

say signof L

In our case w Coli a Y

techy Let M denote the fundamentalclassofM
Let G E H M bethe dual of 0

a o W CM no i UW M

we ifign once



Ext A Topological Pf generalising theabove idea

of the H relations for hyperplanecomplements

setup it Hey He are complex hyperplanes

91 ar are are normalvectorsto theseplanes

α an a givenby di Lai
Thus Hi Kevdi

i ifeng.es e E

suppose the α s are linearlydependent
We want to show

that
c is a v vid v u we 0

Proof Sketch

Suppose he C it Cathe

we can replace α withCixi thusgetting

an α t da 1

Let Mi denote the submanifold of an HIV UHR
defined by eRco
Then Mi is a codim I oriented submfld Also

since Ʃ 1 we have M AMan nMe

Let o E H be the PoincareLefschetzdual of
Mi
The cupproduct

intersectionduality implies that
5 02 Ok 0



If we show that o con Wi then
this implies

a Wi Wa Wa wk con i 0

Note that the left side of simplifies

precisely to

stepsto show that ri wk wi

Prove that we we form a basis for
an HV UHK via a Mayer Victor's

argument Thus each o is a linear
combinationof thewj
Construct loops vi ru that are the

algebraicduals to w wk i e wif8j dig

Show that Mi only intersects the loops 2 and

on each at a singlepoint and in opposite
orientations

This wouldimplythat silat Egri
Thus o Wu Wi

Here's an explanationofwhy holds

Let M be an mdimmanifold and we HK M
Let o E Hu M and let WLEHmu M be the
Poincare Lefschetz dual of w
Then

w o signof on we



techy Let M denote the fundamentalclassofM
Let G E H M bethe dual of 0

a o W CM no F Ovw M

we

Fiji once
Execution of steps 1 2,3

W we we form a basis for H

Inductionond
two observations

If V is a codim a subspaceof
then

on v
again

d 03 Sd 1

In particular if d 2 then H and H

of an_v are 0

Now if V Uk are all codimd 2

then we can inductively use Mayer
Victoris to see that

H a v u UVk 0

H In IV U UVe 0



Returning to the proof

Baseek 1 C H 903 by
so w is a basis for H C H

Inducnstep suppose w we form a

basis of H HU UH

ApplyMayer Victoris to CIHU UHn and
C Hk
Their intersection is HU UH and union
is an Hank U U Huntere

By H and H of the lattervanish
so Mayer Victor's

H a Hiv UHa H any u uHn 1
H C Hk

and is freelygen.by win wk 1 ok

Constructing algebraic duals 2 to wi

Recall that α C HU UHa 0 Suppose W

generates H 4 903
Then by defn w Lit w ie if 2 is a loop then

Wi s w α 27
So the loops r On we want to construct must
satisfy w α 8 Sig



Let β βlE C HomC C be s t l is a minimal so that
211 2n Bri Be span C
We can construct loops i.e I dimsubmflds byspecifying
what values theyshould takeunder α 2nPiniBe
This has to besubject to α 2k 2

Let 2 be the submfed on which α E S

2 23g 4k 1 2

da 2 t Lu

Inf Orient 2 witha chosenorientationofs βi 0

similarly construct 82 he
Let on be givenby anE S

22 123 Xp 2
α dy 22 Xp

Bi 0

It is straightforward to check that Wi 8 Sij

M intersects only 8 and ke and at oppositeorientations

Recall that M is defined by Rao
Theonly point on 8 resp un satisfyingthis is the

one where
α resp du is 1

It remains to show that these intersectionshappen at opposite
orientations

First we need to fix an orientation on M Since M is a codim

I submfldofthe orientablemfld Hiv UH it suffices topicka

unitnormal vectorforMi



Locally M looks like this

f u

f of

In anHV UH C 0

Pick the directionof thenormalvector to correspond to the upward
direction in C 0

Now consider the iso C on that acts on 4 2nBi Be
as follows 0 x y so that

Bily Bila
2 Y αk a duly 2,101

di y Rifat 1 2 k 1

Thus swaps α and du
Note that P 8 2 preservingorientations And Mi M

If we consider the composition 00 M IRco this is

equivalent to composing M Rco with a 1 x IRco Rco

This reverses theorientation of IRO and fromthis
we can

deduce that reverses the orientationof Mi

Thus 2hAM 2,1M andthe intersectionshappen at

opposite orientations


