









































































































The Curve Complex CCSgb.nl

k simplices K 1 disjoint isotopy classes of simple
closed curves

curve system

LI
Remacks

not allowing curves or peripheral to a puncture
or boundary component
these curves would be disjoint fromeverything
and hence come off the curve complex

C shin C Sg n b

theorem Herer 86

Sg n 5m

if g o
m ii 2 if g 1 no

2g 3 4 if g 1 n 0

dim Sgin 3g n 4 because we need 39th 3
curvesfor a pants decomposition

Proof consistsof two main parts Inducting on n

Basecasesof n 0 I












































































































Recursive structure of C Sg n Inducting on n

Prof If n 2 then C Sgin A C Sg n i
astiest

1
Ideas Want to define a forget a point map Sgin Csg.nl

But we can't define this on all of C Sgin

tithe
notallowed

Let Xgn C Sgin subcomplex spanned by goodcurves
Thus we have a forgetapt map Xg.in CSgini

Ap C C Sgin subcomplex spanned by badcurves

Nte bad curves are exactly the ones peripheral to an
are joining p and another puncture

No two such curves can be disjoint and so

Ap is a discrete set

Thus Sg n C Ap Xgen












































































































We'll show that Sg n Ap Xgin Ap Sgin i

We will need the following lemma whoseproofcan
be found in section I

Lemma X any simplicial complexA any discrete
set

4 C A X and A X 4 sit

a EA lky a x is a htpy equiv

Then 4 A X is a htpy equiv

For us 4 Sg n A Ap X gin
for 8 Ap consider

lkccsg.in XginIC Sgin.i

We'll show that for is a simplicial iso

is surjective on all He

This will imply that both 2 f are htpyequiv
as they induce isos on Tu and using
the Lemma we will get

Ccsg n Ap Xgin Ap Sgin i












































































































Let α be the arc that 8
is peripheral to

Now the link of 8 is spanned by all curves

disjoint to 2 All such curve systems must

avoid passing through the interior of the disk
bounded by 2

We can identify such curve systems as curve

systems on Sg nz which is iso to the curve

complex on Sg n i

w

Thus lkecsg.in
C Sgin Note that

the composition lkasg.nl gin
C Sg n i

realises this simplicial iso

Thus is injective on Ty's

For surjectivity we use an idea of Hatcher
called Hatcher flow












































































































Here's the idea

Given any map t Sk Xg n we want
to homotope it so its

image lies in lkecsg.int

Fix a simplicial structure on Sk and assume is simplicial

Let vi v Vr vertices of sk
si da dg curves representing Vi

We need to homotope so that sin 0
are defining 8

Here's the idea of Hatcher flow

on

sginip.tl of T.tt
i i t.E

I homotope

nIn ccsg.nl
off ftp.iim.eeto facedsd

add

Continue in this way until all curves have
beenhomotoped

off of α












































































































Thus we have proved that for n 2 Sgin Ap Sgini

so if C Sgin i VS then c Sgin will be VSmt

It now remains to deal with the base casesof n 0 1

Rink When n 1 we dohave a forget a pt map f Sg1 Sgro

but no bad curves In fact in this case f is a htpy
equiv as we will see in section II

Connectivity of CSg1
Haver's theorem

says that CSg 1 V58 2 and C Sg V58 2

When n 1 we have a well defined forget a point mapC Sg i I CSgio but no bad curves

the f Sgi Sgo is a homotopy equivalence

Note that dim C Sg 3g 3 and dim
CSgio 3g 4

though they have the same homotopy dim of 2g 2
The extradimension arises from the fact that the puncture
creates an added isotopy class of curves

ftp.jtlasses

Thus forgetting the puncture corresponds to collapsing some
simplices of Sg i down by a dimension

The above theorem whoseproof is in section II

says that this collapsing of simplices does not change
the homotopytype of CCSg


















































































Assuming that C Sg C Sgo we will prove that

Sg i is 2g 3 connected

Sg o has vanishing Hx in deg 2g 1

This will prove that CSg v58 2 C Sgio

III Sg i is 2g 3 connected

We will show that C Sg is Aes where
Has is the are complex at as and show ites is

2g 3 connected

Step 1 Aas is 2g 3 connected

Defn The Arc complex it n 21

k simplices are systems

Ktl arcs disjoint exceptmaybe at endpts

ki
DefnThe arc complex at infinitywas

filling non filling

Afilling are system cuts Sgin into disks or



Aas subcomplex of it spannedby nonfilling are
systems

An Euler characteristic argument shows that we need

2g ares in any filling are system

Thus A 8
2
C Ag

tha A is contractible

This can be shown via a Hatcher flowargument as
described below
Since Aas contains the 12g 2 skeleton of a contractible
simplicial complex it follows that Aas is 2g3 connected

Hatcherflow on it

want to show that any simplicial map 4
Sk it

is nullhomotopic

Fix an arc α Will homotope Y so its ing lies in lkα
We'll then be able to nullhomotope so its ing is α

The ideaof Hatcher flow

on

sai.at tk I
EE



homotope
In ASg

to faceas IEiii iii
add

Continue in this way until all arcs havebeenhomotoped
off of α

Step2 Sg1 As

We will workwith the barycentric subdivisionsofthesecomplexes
Thus vertices correspond to curve ave systems and k simplices
correspond to flags of K 1 curve eve systems

We will use thefollowingTheoremdue to Quillenwhoseproof is in
section I

QuillenFiberLemma A posetmap P Q is a homotopy equiv

if all fibers q PEP Pp q are

contractible

We will apply this lemmatwice
We'll define the subsurface complex SC and use the Lemma to
construct hitpyequiv CSg SC and Has SC

The SubsurfaceComplex SC
vertices connected subsurfacesof Sg that coptedthe

bdryformsk simplices chainsof inclusions a curvesystem
of subsurfaces possibly w 2 parallel

copiesofthesame
curve



iEE
subsurface S subsurface52

subsurface53

In SC
5

582 53

C Sg iEC
Given a curve system Sgi we can cut alongthecurves
to separate Sg into several subsurfaces Mapping the
curve system to the unique subsurface that containsthe
puncture defines a poset map sdC Sg i SC

This is an order reversing poset map Each downward
fiber Is is a cone with core point given by the
curve system corresponding to ds

Thus CSg SC



Has SC

Given an arc system taking the union of annular
neighbourhoods of each arc gives a subsurface
Thus we get an order preserving posetmap t Has

SC

Each downward fiber Yes consists of arc systems on the
punctured surface s and is thus A S which is contractible

Thus An SC

III 2 H Sgo 0 for 2g 1
We shall work with the barycentricsubdivisionof CSgro
Let X sd Sgo Thus vertices of X correspond to curvesystemson Sgo and simplicescorrespond to flagsof curve systems

iii
wt0

To each vertexof X we can assign a weight Vertices corresponding
to a 1 curve system have wt 0 thosefor a 2 curvesystemhave
wt 2 and so on

Let Xk subcomplexof spannedbytheweight k vertices

Thus Xo X and 3g 4
is a discrete set of vertices



Note that for a vertex s in Xp of weight k lkx.veXkt1Thus Xe is built out of Xut by coming off subcomplexesofXati
Here is a crucial Lemma for our argument
Lemma For a wt k vertex 2 in Xu its link is VSM where

m 2g 3
In particular H lkx 2 0 for 2g 2

We defer the proof of this Lemma to the endof thissection
Assuming this Lemma ournext incial claim is as follows

claims suppose 2 is a wt k vertex and let C be a representative
of a simplicial l cycle in Xp Thus C no nor
for 1 simplices 0 or with 1 291
Then we can replace witha homologous chain so that
none of the o have r as a vertex and so that we
don't increase the number of wt k vertices appearing on
simplices in the chain

Proof while reading theproof it mayhelp to alsolook atthe pictorial examples thatfollow that illustratetheproof idea
Let C no no Let S be the subchainof C
spanned by simplices having as a vertex Assume WLOG
that S no not Notethat OS C star r In factsince
C is a cycle we can argue that asdoesnot intersectwith 8
and thus ds c lk x Alsosince 0 ds 0 as is a 1 1 cycle
in lk 8
Since 1 1 2g1 1 2g 2 Thusbythe precedingLemma
He_ 16 x 0 Thus as is thebdryofsome 1 chain
L in lk 8
Now consider the 1 1 chain 2 L It's bdry is
2 OL L 2 05 L S L Thus s is homologous to L

Replacing C by C S L the claim follows



Examples

7Eyelec
subchain 5

Xu
ds clk 8 ds is a o cycle in lk 8

1
F Ikr 0 as is the bdayof a 1 cha

L in lk 8

i

112 Take L Is a 2 chain with

bdry 8 01 U L

S U L

Thus s is homologous to L

replace

1

C 5 1 avoids I



Examplef

0
2 chain s

s is a 1 cycle in the 2

a
If H lk8 then is dL forsome 2chain L elk 2

Take 2 1

It's bdry is S L

so now replace C with C S L Bothcycles are homologous
and the latteravoids 8

a a a a a a a a
Proofofthetemmalemma.is

For a wt k vertex 2 in Xu its link is VSM where
m 2g 3

suppose 8 80 a wherethe 8 are thecurves in thecurvesystem

8 Cutting Sgo alongthese curves divides
it into t surfaces Si52 St

withgenus gi gt and no of bdry components ri tt

YE.fi ie inti iEguient ieiaieig.siEiigitri 2
Ei2g tri 3 t Now each Si is VS with l 2g tri 3 if
gi 21 and l 2g tri 4 if gi O Thus Si is VSMwith meƩagitri3 t 1

2g 2 1 2g 3



Proofof C Sg C Sgio

The forget a point map from C Sg1 Sgo is
a homotopy equivalence

This can be proved using Quillen's Fiber Lemma
For a full proof see Hatcher Vogtman Tethers
Hom Stability for surfaces section 4 Prop 4.7



Appendix

The AXX Lemma

Lemma X any simplicialcomplex A any discrete
set

4 C A X and A X 4 sit a EA

lky a x is a htpy equiv

Then 4 A X is a htpy equiv

Proof awe want to show that anysimplicialmap 4 Sk A Xan be homotoped to have its image c 4since
any such 4 hasonly finitelymanyverticesofAin its image it is enough to consider IAIfinite

We'll induct on Al
Basecase Its y e a Nowskyla is implies

that deformation retracts to lky a
We can use this retraction to deformationretract
a X to 4 Thus 4 I a X

InductionStep Let A an an 1 an
Let A a an i and 4 be the
subcomplex of 4 obtainedbydeletinganand 4 the oneobtainedbydeletingan.az an Thus 4 y u 4
Wecan assume that Y I A X and
y I an X We want y Uy at A X
to be a homotopy equiv
We'll use the followingLemma taken
from Mather The Homologyof a Lattice

Lemma Let X Y W Z be simplicialcomplexes Suppose
F XUY WUZ is sit Fix X W Fly4 Z

and Flyny my WAZare htpyequiv Then F is a

htpy equiv



We prove this Lemma at the endof the proof
To apply it to our case we needonlyshow that
414 A x h an x is a htpyequiv

Note Y'n4 1kcalnekan U U k an 1 nlkan
A x h an x

We can use the Mother LemmacombinedwiththefollowingLemma
to show that 4 ry A x h an x is a htpy quiv

Lemma If PER and QER then PAQ R
Pf Use excision on Tr to argue that

Tk P PAQ Ta R Q 0 for all k
Thus PnQñP E R

since lk ai Is X i theabovelemma implies
lk a Alkan E X
We can now repeatedly use the MatherLemmaand the
above excision lemma to argue that lka nekton UU IkkiAlkan X
is a homotopy equiv

Proofof the Mather Lemma
We will use the fact that F X 4 is a htpyequiv
iff the mappingcylinder M F deformationretracts to X
In the settingof the Lemma we have F XV4 WUZ

Flxny is a htpy equiv so M Fixny deformationretractsto

ny Thus we have H MFixny I MFixny sit

H restricted to MFlynn 90 is the identity on MFixny
Use the homotopy extension propertyof CW complexes to

extend

H to F MFix I M Fix Notethat H id on MFx 903
Now extend IT to H MCF I MCFI Notethat
H MCF 903 MIF is identity HMCFix I CMFix
Mfly I C MFly H z t 2 ZEXMY We can thus

compose it withthedeformation retractionsof M Fix MCFM

onto x y respectively to getthe
desireddeformationretract MCF to XUY



Quillen's Fiber Lemma

Im A posetmap P Q is a homotopy equiv

if all fibers q PEP Pp q are

contractible

Proof We'll use the
q

condition to construct
a homotopy inverse g ΔQ Δ P DCP is the
simplicial complex associated to the poset P

Stef constructing g

We'll construct g skeletonby skeleton
Onvertices vertices elts ge Q

hence is non empty so

pick g 9 q
On Edges edges go q in Q

CQq SinceQq is

0 conn we can join g 90 g9 Eq
with a path

Map the edge q q to thispath

On2simplices 2 simplices qocq.ca

Qq is 1 conn thus we

can fill in the loop formedby
g90cg g 9 92 g 90 92
with a disk
Map 9 CqCq to thisdisk

and so on



Checking0 g are homotopy inverses
e want to show god idep anddog idAQ
We'll construct a homotopygot idppp skeleton

by skeleton The dog case will be similar

Onvertices Notethat p g P Iacp
Thus there is a pathjoining pandgo p
Use this path to homotopego0p to p

onedge.se suppose posp is an edge
The paths Popi pi go0p godpi go Po

go po Po bound a disk in ppp

Homotope po Pi to g po go pi
using this

disk

and so on


