
 
Reference for definitionsof collapsible nonevasive shellable constructiblevertex

decomposable pure strongly connected Cohen Macauley see
Bjorner combinatorialTopology Pg18531856_

Notation A is a finite simplicialcomplex unless specifiedotherwise
dimΔ d
EA is a simplex ofdimk

BasicFacts AboutLinksandcollapses

Ex If ou e EA and one 0 prove that lkergo 2 lk v2

Ex Linkof a simplex in a pure Δ is pure of9th I dimΔ

Reefusting p p fine g Idea L
simple men's

cone Nonevasive Collapsible

Prove come nonevaire Y.ie htiae if.iFffsy'Ip lose
the

inductivehypothesis ondla9
suppose Δ is a possiblyinfinite complex and nFA has a finitecollapsible link 1kg6
Thegoalof this exercise is to showthat Δ can be collapsed to dlga bya finite no ofcollapses
Show this is true if lk at 9
If oczelkalals.to can be collapsedto e in lkala show
that Gugu can be collapsed to ZUER in Δ

Let Δ be the complexresultingafterstep show that Up a is
collapsibleand note that it has fewer simplicesthan legal
Prove vie induction that Δ can be collapsed to deafal

EX Assume A finite Use Ex5 to inductively show that Δ nonevasive Δ collapsible



Nonevasiveness and Barycentric subdivision

Et Attentive.isyofeetniiiiifioneIiveunreget apt
Es instinjingetstaceksen can youalsodescribethis isomorphism

simplicial iso

fut first consider the following example
Ii

Prove that
Forany vertex n v3 in dlsdg a lkdlsan a V
is a cone w comeget u and thus wonevasive
Also for u W there is no edgebtw no and new
successively delete these vertices in thesenseofEx4
consider the remainingcomplex afterdeleting all nu
Show that all verticesof theform Env w here
links that are a cone w conept Evw
We can successively deletethese vertices

Use the ideasfrom and to show that disagfa
can be reduced to sd dl n by a seeuenceofthe movesdescribed in Ex5

Tf's'd dl a is nonevasive then desdya is nonevasive

Eo Use Ex7,829 to prove for finite A that nonevasiveness is
preserved under taking barycentric

subdivisions



Collapsibilityand Barycentric Subdivision

Ext suppose 0 EvoVi Va and e Evoviii vie gun
let collapse o e be the resultantcomplex aftercollapsing o onto e
show that collapse o e can be obtained after a seeuence of elementary
collapses lie wherethecollapsingface is ofcadim11
Hint Weneed to eventually remove all simplicescontaining fvo.vn Vu

as a face

step semmatterIsimpticesis fi utitujdlfctvoxnin
and nsimplices t s t von unun CtcCrown Va

step show that we can perform elementary collapses
toremove

all n 21simplices r s t von ive Cr ccrownvn I
and p 1 simplices IT sit EvoVi Vuun CIT CToVi Vu

steps Guess and prove what step 3 should be

Ext Let o EvoVi Untand z Evoviii vie gun
The aim of thisexercise is to prove that we can perform a sequenceof
collapses to reduce sd e to sd collapseo e
We shall do this vie elementary collapses
Note that

wringsafecongpongtoffees of
e and simplicescorrespond toflags

all simplices that contain the vertices
VoVi Vue or EvoVi VaVa
It may be helpfulto drewpictures

for some concretesmellvaluesof n
whiledoing this exercise

We'll first remove all n simplices containing VoVi vn or

VoVi VaVa
Let T E Ston i i n
fi I I suppose it In n show that we can performthe following

collepf
4107 9Vito sVita Vito Vitals VitInt

C 4107 9Vito Vita Vito Vitals i VtIntl HoyVayaMitsu
Nitin

C 2 Having done the collapses in lil now suppose

we can perform the following collapse



Vition Vitro Hey Vitosuiting Vithz Vitoshine IVithz sVn VitIn11

C Vition Vito Hey Hi suiting Vithz VitoVita I Nitiny Vn

VitasVitti r i iYin z sVn Vitin11

C 3 Having done the collapses in 1.2 now suppose

s we can perform the following collapse
4101HeyNitin3 VnVitan Utopians VitasinvitingHim

C VitoVitalsNitinz Un VitiarkinsNitinyVn Nitin
VitosVitinsiiVitaasunVitayVithzig

I 4 We cankeep proceeding in thisway The na th step is

Atlanta Collapse

YuVita Unguity Vite UnVith Vith eVeiny's in

C Un YuVith Unguity Vite UnVith Vith eVeiny's in

Check that successfullyremoves all n simplices containing VoVi vn
or VoVi en iVa
Now we wanna remove n 17 simplices
As before let IT f Scoil n

2 1 Suppose t'fn Show that we can perform the following
collapse

Yt Vital VitroNainital VitosVittis MitsugVitay
E 4th VitalgVtaNainital VitosVittis MitsuayVitey VitoNitin VienyeVis

12.21 Now suppose In show that we can perform the following
collapse

94107Him VitoVat Vitez Vitro i gVitin213 Vito AmyVnVital
C 94107Him VitoVat Vitez Vitro i gVitin2 VitoVital Nitin21 n

Vito Nany VnVinny

2 3 Keep proceeding in this way The
ntl th step is

Iho and



unUti Vain UnVanVitas Vita VnVitalVital Van

C Un VIII unUti 4,4 UnVanVitas Vita VnVitalVital Van

Check that successfullyremoves all f11simplices containing NoV1 vn

or V0Y ieVnVn
Formulate the strategy for now removing all n 2 simplicescontaining

V0V1 vn or Evovii VaVa

We can keep doing this until we have removed all simplices

containing NoV1 vn or EvoVi VmVn
What's left is sd collapse r e

yu eu
mss.how

that collapsibility is preserved undertaking

Vertex Decomposable Shellable constructible

ifeng.itfytea1neegdvkt A prove the followingdefinitions of
Δ can be reduced to a d simplex by a seeuenceof h d collapses

ked
The d facesof Δ can be ordered or or on so that h

do Udo v Udone1 noonis a pure d 1 dim complex

The d facesof Δ can be ordered or or on so that ick
jcks.to nor COjnor and Ojnor is dim d 11

EXI compare and contrast the definitionsof
1 shellable and collapsible
121 vertex decomposable and nonevasive

Er Mimic Ext to show that Δvertexdecomposable Δ shellable

E Mimic 813 to show that vertex decomposability and shellability
are preserved by barycentric subdivision



Ext Show that shellable constructible

Shellability constructibility are preservedby links
19 use condition of 14 to show that if I Thand A is shelleblethen thy o is shelleble

Ext The goalofthisexercise is to prove that constructibility
is inheritedby links Let d dimD red beofdimk

If D is a single simplexshow that llyo
is a simplex andthusconstructible

show that if D AVAzand ofBiltz then 1k o c d

Show that if OEDnAzthen lkafo lka.frUlledo and

lkand o Ha o nAka o
Show that if d oor t then lkyfoy is alwaysconstructible

For d 2 showby inducting on the dimd andalso on the
sizeof the

vertex set of D that Aconstructible lkalo is
constructible

Properties of Cohen Macaulay complexes

El Use 20 to prove that shellable
constructible homotopyCM

22 Suppose D is homology Cohen Macaulay and that nedo
Show that Hi D D 9237 0 t i d t
Now suppose that n is in the interior of a simplex o e d
ofdimk show in this case too that Hild A a 0 tied 1

Prove that A is homology Cohen Mccauley HitsA 9 37 0

for it d I t RefAll

E3 Define propertyP as follows

P For all oedu903 s t o is of adime 2 ie dimfllyfo 21

MDG is connected

suppose A is finite dimensional of dimd and
satisfies P

Our goal is to prove that D
is pureandstronglyconnected

We will induct on dim D



Prove that theclaimholdswhen d o or I

Using thefact that they z lk ou z show that if

A satisfies propertyP thensodoes 1kg101

Supposed2andD is not pure showthat
wecanfind neAo s t N

belongs to 2 distinct maximal faces of D withdifferent
dimensions

Thusconclude that thisn is
not pure

Hint Let A be the complexformedbythe unionof
all dind simplicesin A

Since D is not pure theremustbe
a dim21 simplex in AID

which mustalso necessarily have dim
c d

Kaul D is connected so this implies
that there mustbe some

vertex ne d that ispart of such
a simplex

Show that this is thedesiredpoint a

Suppose dz2 Using andinducting on dimD show that if A
satisfies

P then D is pure
Let k dim o Recall that if A is pure dimIlle o d k 1

Show that lead o ergod
d 2

Show that if d22andD is connected then ad
t is also connected

Bonus in fact I strongly
connectedalso implies that ad is strongly

connected

Suppose d 2 Show that Bd strongly
connected D is strongly connected

Hint say that a pairof d
simplices o e 7 in D is stronglyconnected

if we have a sequenceof facets o o o on z s t

GinGit is d dim ti
Thus D is strongly connected iffeverypair is strongly

connected

First show that if Dd is strongly connectedand one to then

forz is strongly connected

Nowsuppose one 0 Let o e be a id it dimfaceof o e resp

Theyeyeinhale
sequence o oi oi on z strongly connecting

Fo i i 2 n pick a dsimplexoied with oil as a face with
G o on e
Show that Ginoit ti Thuseachpairfor sit is strongly connected

Hence show that o e is strongly connected

Suppose dz z andAsatisfiesproperty P Use and to conclude Ad also
satisfiesproperty P
Inductively assume Ad is strongly connected andnow use to conclude
that A is strongly connected

Ex 24 conclude from Ex21 that if D is homotopy or homology CM

then D is pure and strongly
connected


