
 
We are working only withdiscretegroups in this note

Coefficients in a NX module

Defy Suppose x top space X X univ cover G an abeliangp
that is a T X module
Note that IT X A CacX
Can form co chain complexes from Cn Y zTix G

and Hamza app a
weconsiderTracey on theleftToformthetensorproduct we convertthisleftaction
to a rightaction vie o r 8 o IIIThen

x a homologyof C X ax G

Ht x a cohomologyof HomaCKX G

Examples 21 apcohomology is a specialcaseof the abovedef
take thegp to be T X

and X to be its classifying

space

21 suppose IT x a a trivially Then Cnet z x

EffyNG
I GA aG

so the above agrees
withthedefnof homology

of X with coefficients in
an abeliangroupG

Similarly Homage CnX a HomeEffy 9
so a similar statementholds for cohomology

Coefficients in a bundleof groups cover x
Defy X a top space a en

abelian gp
E X a bundleofgps w fibrea

Homology We define H x E as follows
Thechain groups cu x E consistoffinite sums Zhi Gi where
Gi D x is on n simplexof X and ni is a liftof Oi to E

Equivalently we add two liftsof a fixed o no mo by picking a point
a in

Ip Ét imo considering
its images an an under the lifts and lifting

o s t

nmsyncsmist n gets lifted to an

III.grCntm7o
not hard tocheck html5 is
independentofchoice of n
showthat simplices inducegp

homos

in factisost btwfibres just likewedidforpaths intheBundleofGpsnote



Boundarynaff d no Fol1 IogomgpunyOtero if i in
Check d 0

Thus H x E H Cx x E d

Quickfxample If E x is the trivial product bundle Xxa thentheabove

defn recovers H x a for an abeliangroupG

Cohomology To define H x E we build a cochaincomplex as follows
x E consistsofmaps I thatassign to a simplex o d X

a lift of o 96 A E

Coboundarymaps 8 Iggy p
G coin iii int

where G cvo.vn vi um refers to the lift
of o whose restriction to the faceEvoVi it Unt
gives ofokuo.vn it Una

ace

aces
ofthethreesimplices in greenHey

the sumcuptoisigne

Quickfample Asbefore if E Exxon then this defn recovers the
usual

defn of H x G for a abelian

Equivalencewith coefficients in a T X module
For a given ZETA module a there is a unique upto iso

bundleof
gps E X over X wf fibre a that induces this given actionofTix onG
We shallshow that a homology w caffs in a is the same

as

that w coeffs in the bundleE
Note further that I can be constructed as thequotientofXxa by IN
actingdiagonally Thus an n simplex o of E corresponds to theorbitof
a pair G g in Exa underTix

1 Homology Identify Cnfx a with Cn x E as follows
Take Moe Glx E Thus o an x is an n simplex and m is
a lift of o to e Then m corresponds to theorbitof a pair



8 g E RXG where 8 is a lift of o
We can seed mo m Exog
This is well defined since 2808g 82 8g 508ng

Fog
2 Cohomology Identify Cfx E with C Xia as follows

Given YEChaiEl 4 assigns to each n simplex r of X a lift
in E which is equivalent to assigning o the orbit

of some 8 g eXxa where I is a lift of o
Theimageof 4 in ch x a is a function that mops
Etsg Note that since 68 ng is in the sameorbit

this means 88 to 8g so this is an elf ofHome X G

It is welldefined because each n simplex ofX is a
lift of an nsimplexof X foreg it is a lift of

its projected

image in X

Properties

For a homology w caffs in a bundle we can adapt manyof
the defns resultsfor ordinary singular cohomology andprove

Inducedmaps ft fix on a hour by bundlemaps f
Homotopyinvariance of inducedmaps
6homologyof a pair x A henceLesof a pair
Excision

Simplicial cellular a homology w bundle coeffs

Equivof simplicial cellularwithsingular
Formany of thesepropertiesthekey

ideathat comes over is that we

can perform constructions like barycentricsubdivision Eof etc
on simplices on X as beforefm xasimegto provehomotopyequivalence

Coeffs in ZEIT I TIX

HnX IT E Hn X 2

More generally let it CT be a subgp and x x thecoves
corresponding to it
Then Ha X 2 IT It E Hn X 2
Even more generally for an abeliangp A An x ACTIT3 E Hnk A



For X a finitecwcomplex
H x act I Hc X 2
note that therighthandside refers to compactlysupported

cohomology

Dualityfor non orientedmanifolds twistingof thecoefficients
Poincaredualitystates thatfor a closed oriented n

manifoldM we have
Hk M 2 E Hnu M 2

infactwe cantakeanycoefficientringR For noncompactmanifoldsa similar
resultholds but involvingcompactlysupported cohomology

Turnsout we can prove a dualityresultfor non
oriented closed manifolds

the lossof orientebilitycoming at the costof a twistingofthecoefficients

Here's a sketchofhowthisworks
We work w coeffs in a bundleofrings E In thissetting
we candefinecup cap productanalogously

totheusualdefinitions

ThePoincaredualitymapworked via takingcopproduct
witha fundamental

Thefirstshow tenM E hes a fundamentalclassM in the

sense that the imageof u under HuME Hu MMEn E

is a ringgenerator of HuM M gu F Egg where R isthefibre

ringofE
With this setting we can now adopt the proofofPoincare
duality and show thatcap w u gives an iso

HkM E E Hnu M E
Here'showwe executethisstrategy
For our duality result we take our fibrering to be 2

i

Recall thatfornonoriented M we had two ITM module structures on 2
Thetrivial actiondenoted 2 and the orientationaction denoted I where
r e ITCMI eats vie multiplication by It depending on whether y is

orientation

preserving or not

We use thesetwo actions to give a IT M
action on Z i As a ITMl

module

ai I 2 É So if y is orientation preserving then rfatib
at it

EatEgg
If not then 8 atib a ib

Note that H M a E Ha M 2 Ha M E andsimilarlyfor
cohomology
Thefundclass we construct lies in them E Because multiplication w



i sweps reel and imaginary pests the duality iso

HkM Hi E Hnu M 293

actually splits into separate isos

HCM 2 EHnuM D HcmE EHna M 2
This is the twistingofcoefficientsalludedto earlier

sowhat'sleft is to construct this fundamentalclass
Outlineofsteps Show that we have an Les

Hut M Z HuM E Hnat 2 HuM 21

at 2 sheetedoriented cover of M

Since dimM i n we here Hnt M 2 I 0
And non orientability HuM 27 0
So this gives an iso HnM D IHunt 2 I 2

A generator of HumR thengives us our
imaginary fundamental class Nate that it

generates HnM 253 I HaM 2 HnM D as a

ring just as ie ai generates it as a group and

Eli as a ring

To show it's a fund class we need to showthat

2 I Hulm E th M M 923 8 I 2 is en iso

t neM
Here's an outlineofthis

HnMit É HnCN 2
O

isconstruct jt usingtheHum277 Hula 2my

Hncat 2 HuntN9232 byorientebility
Show the diagram

commutes

so now whet's left is to construct the LESFix an orientationreversingloop 8 of it m LetCacti realm120103
Note catch is spannedby a basis 0120 for reCheryl
Tehave an SES 0 CutIN a CnN d G N 0 ACO o 80

Notealso that CnNt aim itemÉ hes her Cntcat
so anim itemÉ I act catch Crich



i Cn NT I GCM ITCMÉ

Now the Les follows fromthe SES

o archilcoach I enter O 2107 0 80

andnoting that the homologyof GCM GCM ME
is precisely HuM D

Thoughts Thinkof a geometricpictureto see whet
this

fundamental chess looks like


