
 
KCA 1 Spaces

1 Defy A Kca1 space X is a spacewith IT X EG and
a contractible universal cover X X

Eg s is a Kca1 s xs is a k 221 Rpais a Kfa 11
Theunivcoverofsvs is a KCFes

2 Existence Given a we can always construct a Kca11 that is a
simplicial complex as follows
Notethat its equivalent to constructing a

contractiblespace
w covering spaceaction ofG
let Fa be a A complex w n simplicesgivenbyordered
nti tuples gg gu gieh
This n simplexattachesto its feces gog gi ga in thenaturel

Étiscontractible wehave a homotopy ht that slides a
point at gog gig to thevertexCe alongthe line segmentjoining u to e in

the ntl
simplex Cego g ga

And he takes e alongtheloop e e so it is

not a deformation retraction

GREG simplicielly via ga gog ign Eggogg gg

Rink writingdown thesimplicialgroups
andboundarymapsforEG

gives thestandardfreeresolutionof 2 byfree29
modules

3 Uniqueness upte HomotopyType Kca17s are unique upto homotopyas impliedbythefollowingproposition
Prof X connected cw complex

Y a Kfa 17
x Y basept preservinghtpyclassesofmapsXiao 14yo

Then themap
x y gphome IT X 6 IT14yo
f to fix

is a bijection

Proof surjectivity Given a g hom p T Xiao IT14yo went
to construct f x 110 4yo
Willinductivelycontract f on each n skeleton

Oskeleton send all vertices to yo



1skeleton Pick a maximaltreeT of X andsend allof
T to yo
What's left are edgesthatgiveloops in
X T thatgivegenerators for TIX lo
sendtheseedgeto loops in Y

centredat y
that represent theirimageunderp

2sheleton Given f X n y went to extend f to
a 2 cell e
e is attached to X along some loop2
Thus 83 o in IT and thus4127 0
in Till yo Thus the loop fr

is nullhomolog

and lifts to a loop in

É
Nowsince Y is contractible we canextend
the lift to a map e Y andthus
to E Y

3skeletonbeyond i suppose we have f x Y n 3

Went to extend f to an n cell en
en is attached to x alongden su

i

Smi É
Since s is simplyconnected can lift
sht xt y to Sh Y Ycontractible
can extend to en Y andhenceto en Y

Injectivity suppose fo f x no Yyo satisfy 6 f
Went to construct basept preserving homotopy fromfo to fi
As beforewillexploit cw structureof X andconstructhomotopy
skeletonby skeleton

1skeleton choose maximal tree T of X
Bycollapsing each fi t togo in

Y we can homotope

each fi to mapssending T yo Soassume
T yo

under bothmaps
Any leftoveredge e of x getsmoppedbybothfo f



to a loop representing the same elementofITCYyo
so foe can be homotoped to fie

2 skeleton beyond
supposewe'veconstructed homotopy X XI U Xx on Y

went to extend homotopy to ex I whereen
is an n cellof x Note that ex I is an
na cell of xx I This is attached to

x I U x xgoi via a map Sh n 2

As in the proofof surjectivity we
can lift

she x y to shut and use
this toextend

our map to ex I Y

Remote Bothhalvesof thisproof that involvedextending
a mapintoYfrom a

2 skeleton orhigherto a 3skeletonorhigher reallyproved a generalfact
If X is a cw complex then any mep f X2 Ba

can be extended to X Ba
This makes sense because maps into BG are entirely

coded

on the level of IT s and it s are entirely capturedby
2 skeletons


