
 
TheNerve Lemma spectral sequences

The NerveLemma

Recall If V V V U V open
Then we have a Mayer Vietoris longexact sequence

Hi Unu Hi u Hi V Hi X Hit unV7

We can derive the following as applications

1 U V Unv contractible Fli X 0 I

2 If U UU UV3 sit Ui Vin Uj Vinu MY nonempty
contractible

Hi X o ti

3 X U U V20 U s t Vi Vi nuj contractible

Vinvenu 0

H X 2 Ho X Z

A Hi X 0 01W

same homology as S

Motivating the Nerve Lemma

In each of the examples above let's construct a simplicial complex
called the nerve associated to each covering

i no

In each case above p simplices nonempty intersections of
ptl sets

Note In each case the homology of matches w the
nerve of the covering



This holds in far more generality

Nerve Lemma Let x be a CW complex and α subcomplexes sit

4
Every simplex o of X lies in finitelymany a

Every finite intersection a n AXan is fffff.ge
Then Hi X HiNY

i

Nerveof the
covering

Proof Motivation via Doublecomplexes

Let's start by recalling the proof of Mayer Vietoris
We have short exact sequences

Cn x Cncu Cn V encunv 0
0 0 o

2 8 1 e 2

These commute w the boundary maps and so give us a

short exact sequence of chain complexes
i ii

alex cucus encu cncu.nu

ckxc a.eu cn.in on cunv

This then gives us the Mayer Vietoris LES foreg by using theSnake Lemma



Note we showed the horizontal homologies of the above
diagram are 0

The Mayer Vietoris LES involves the vertical homologies

For the Nerve Lemma we will analyse the following
double complex

i
ax oil acting

alx fix c exnxp

c.int ExE
where vertical maps are the boundary maps on each space

horizontemps are similar to the ones we constructed
fothe Mayer Vietoris LES
More specifically of Cn Xan 1 2 gets mapped
to 0 0 0 1 17 o viewed as an elementof

Cn on in n nXar

One can check that the horizontal homologies of the above
complex are always 0 regardless of the topology of the
Xa

Thus if we replace the above complex w a 2 D arrayof
groups comprising of the horizonal homologies we get



147 0 0

as o o

EE
In the setting of the Nerve Lemma we are additionally

assuming each nonempty finite
intersection is contractible i e

the vertical homologies vanish

Thus if we replace our double complex with the vertical

homologies at each position we get
0 0 0

1

I
Key observation The bottom row is precisely the chain

complex for the nerve N Xa

It is natural to want the homologies of both thechain complexes
1 1 1 to be the same

Turns out a simple spectral sequence argument
implies the same

spectral sequences for a doublecomplex

Think of as a sequence of pages E E's E
each page with a 2D array of groups
Epq group in position p q on page r P q 20

Each page has a differential d
sit d 0

Ep ker of d at EY Cif9 L emorydata
needed

im of d at Epg



d Efg Erp r qtr nthdiag to n 17ᵗ dhiag

E E E E

I
it

For a given pig we eventually have Epq Eft
for r 0

Denote thesestable groups as Epq

Now

suppose we have a double complex Cp q
we can.fi agn fffflex

called the total complex

TC

There is a spectral sequenceassociated to C

F q and the differentials d are the verticalmapscpqtc.pe

Thus E'pq is the verticalhomology of C
The differentials d are inducedfrom thehorizontalmaps Cp 9 i q

The stable groups Eg on the nth diagonal comefrom afiltration

of HnCTC
specifically

F CF C CF Hn CTC

s t E m F FY

In particular if all but one Epup
is 0 then that

g equalsHL.lt



Apply this now to the doublecomplex constructed in the Nerve

Lemma

a taxing o o j
total cockup 4 IT 3499 n.fi tein

E EZ

Notes Egg Egg
Efg 0 if q O EYE

Epo Hp N Epo
Thus HCNIEHXCECI.IT
We can now apply the same trick to the theft

i

jcoÉnxp Éxnxp 0 0

Colin
q C x a E X

E e

How I

By the same reasoning
t XEHXCTC.SI

Thus H X1 HxTC H N


