
 
An Introduction to Group Cohomology
Group CoHomology Algebraically

G Group
EG GroupRing finitesums Enigi ng

29 module Abelian groupwith a G action
Can view 2 as a 29 module with trivial G action

Take a free resolution of 2 over EG

Fn F F 2 0

exact
Fi freeover 29

Rmk Free resolutions always exist
can make this definition using projective modules in general

Homology H G M

Tensor with zaM

FnaM
d

F am am 0

Take homologies

Huca M Id
Alternatively 1H G M Tor 2 M

Cohomology H G M

Apply Hamza M

Homan E M Homan F MI HomegFoMI 0

Take whomologies
Hca M 41m

Alternatively 1H 9 M ExtEG 2 M



Rmd These definitions are independentof the choiceof free and more
generally projective resolution

Fn F IF 2 0

fi
The chainmaps f g give a chain homotopy equivalence

Est
H 2 2

0 2 t t EE.tt a 0

1 Et t
2

a 2 30

15geIaEf

Hnca a 2 n 011
0 ofw

2 G 21mA

M E in 2 t 1

Mft11 th I 0

H alma 2

a a 29 a 4 2 0

1Hamza 2

212 z O



H a me 2 fed

21h2 n even

Group CoHomology Topologically

1 Cellular Cohomology 2 coefficients

CW complex

Cn freeabeliangp generatedby ncells

Cn1c I 9 4 69 2 0

Hulx D 494
H 2 kef.FI where s come fromthe dual complex

Homan Homk2 HomCo2 0

Eg C
23270

Eg

0424232 0

2 KCG1 Spaces

G group
Eat a topological space called the KCG 1 space X

sot
I x E G

and

If
univ cover contractible

Fet is unique upto homotopy



Def HxG 2 H 27 H a 2 H X 2

Rule A CW complex KCG1 alwaysexists

Eg G 2

IR

C S K 2 11

Eg G 22

1R

1 I S 14 17

Evenly If x ̅ contractible has a freeduler a action
then x ̅ G is a KCG11
H a D H x ̅G 27 H G 2 H x ̅ G 2

3 Equivalenceof the algebraicandtopologicalversions
Running Example 2

f IR

steps suppose is a CW complex contractible

a ax cellularaction
free

Then eachchain group CnX is an abeliangp w freeG
action

hence a free 29 module

Eg
c

y
I eat



a it
gEff

at Eat t

so the chaincomplex for the space is

0 Et t 24 E 0

L g.it iesaiigfziioetia

steps Note GCI a Cnc g

Egf G S E E E 24 t actionof t
E GCR actionoft

C

Ale Cn X 2 I Cn x ̅ G tensoring with the trivial
module kills offGaction

So we started with a free resolutionof 2 over 29

x ̅ G X C x ̅ 0

for 9 2 x ̅ IR 0 ZEE Zetit 01

Applying a 2 gives us the chain complex for x ̅ G

EVER 96742 cox ̅ a2 0 Algebraicdefn
of H G 2

axial 41 19 Colx a 0 Topological defn
of HCG 2

For 9 2 x ̅G S 232 0

similarly to prove the same for H we use

Hamza CnCx ̅ 2 E HomanCn x ̅ Home 2,2

HomeCNC xD s 2

I HomzCn x ̅ G 2



Applications ofhavingboth Perspectives

1 Bounding cohomological dimension

II eTim If fenntractible
x ̅ with a a x ̅ free proper

ed a n

i e a can't have any cohomology beyonddeg
n

2 Otherfinitenessproperties FPn FPas

FPn a freeresolution withFo Fi in finitelygenover 29

tpdgyiffheafgdgpef.gg
1 withfinitelymanycells

in dim n

FPa a freeresolution withFo Fi Fn finitelygenover 29

Topology ifeng.fidyapeffg
withfinitelymanycells

in everydim

3 cohomology of virtual duality groups

Eg G SLnZ

11 HhSink Q 0 for k E using Topology

If Lstabilizers
21 HkSin2 G 0 I E Using Topology

Poincare dualityonXn

3 Fact 2 implies

H sine Q Hi Sink D Q Algebraically
skinhead


