
 

Defy A bundleofgroupsp E X withfibre a is a
coveringspace

s t eachfibrepig has a groupstructure in to G andeach

hingedon NEX has an open nbhd U s t P U EnnaUx a and
this homeo is a gp iso on each fibre Important

CNonExample The covering IR s is Not a bundleof
groups though it is a principal 2 bundle
This is because even though we dohem local
frivielisations p u I Uxa we cannotarrangefor
them to always be a group in on fibres
n ri n ti is not a gp iso on 2
In fact will see soon that a bundleofgps
E x always has a copyof x embeddedin E

For a manifold M the orientation coverMa M
consisting of onecopyof M for n o and a copy
of the doublesheeted oriented cover at for all
other n It I 2

is a bundle of gps w fibre 2
The gp is

induced by the local trivielisations oneach fibre is either n ish or n n n

E X will always have a copy of X The map sending n to

the element of p a corresponding to the
identity ta embeds x homeomorphically
inE

Path lifts inducegp isos Given a path 8 in X with 2107 20,0117
we get a mep p to p foln that sends

a point to to 5117 where I is the liftof
r starting at to This is a gp iso
Break y into finitelymanypieces 2

on s t

each ri liesin a trivielisebleopenset
each

8 then induces on iso btw thefibresof its
endpts and hence sodoes 2
In particular IT x 1.7acts on p f'ofabygpauto



Ig ForMa M if aloopinM liftsto a loop inMthenitactsvia
theidentity on thefibre If it doesn'tlie iftheloopis orientation

For fixed a y
renting it acts ne n n n

Bundles of gps E X as IT X AG vie automorphisms
w fibre a i e gp hours Tix

Anta

Given an actionof it x on a can construct a bundle by
quotienting ExG X univ cover by the diagonal

actionof IT
in general cen construct cover w fiber E vie X XF IT x in thisway

Given a bundle E X theactionof IT Xoxo on p do is

the same as the action of IT X 211 on pGin i e

Take a path 8 from no to a Can thinkof IT Xia as

IT X 6 8
Then 2 induces an iso p 9 ffol equivariant under IT action

ie for each he Tix ko
ooh Gtfo
fixing IT

as a map Ptoo pipe

ie r induces a T X equivariant iso bw thefibres IT

and Tix xD
Rmt Above Pf shows isos of bundles over X correspond to

IT XI equivalent automorphisms G G
Pullbackbundles bundlemaps
61 Bundlemap E X E X bundles w fibreG

E E

I I I
s t F is a group iso on
everyfibre

62 Pullbackbundle Given x I i construct pullbackF El X

As a set FACE la e a ex e ep ffa



ie using the fibre over ffl to construct
the fibre over N

Use local trivielisations over U CX to construct

local trivialisations over f U I C X

We have a naturel bundle mop
ftE É E

I

63 Pullbacksgive all bundlemaps
Given a bundlemap

E F E

I I
P

the map E ftf sending e n Pie f e is
an isoof bundles
Thus pullbacksgive all

bundlemaps

61 Homotopy and Pullbacks
suppose we have

x É and ft isthepullback bundle

Consider re IT X so and theactionof 8 on PF'DC ft
This can be understoodas follows the fibrep co is by

construct

thefibre y fool consider the loop fr e IT XiFfxD
Theactionof fo on p fpi matches up

with theaction

of 8 on p co break the pathsupinto locally
trivieliseble

components

On the levelof IT modules this corresponds to
using thegphom fix T x xp IT x fool to induce
a Tix module structure on the IT x modulestructureonG
corresponding to E X



This pullback bundles correspond to induced IT module
structure

Now suppose two maps fo f X X are homotopic
Then they

induce the same gphome on Ti's andthus fate E ftE

Concretely this iso can be pictured geometrically as
follows

ÉÉ
is the path fromfops yo to fix y

traced

out by the homotopy
Then the lifts 5 from thefibre over yo to thefibre
over y give the bundleisomorphism

Bundles over X w fibre a e maps upto homotopy x BAuta
Ex 311.3 in Hatches

Thesteterent B Xia bundlesofgps over x w fibreG upto isomorphis
Eo BAuth bundlew fibre a corresponding to thenaturel

actionofAntG AG
X Y homotopy

classes ofmaps f X Y

Then the map

x BAAa BA a

f t ftEo
is a bijection

Proof
Surjectivity given a bundle in Bexa it corresponds to a hom Tix no Anta

can construct a map f X BAuto thatachievesthishomomorphism on IT s
andthenby freeing the

constructionof f Eo can show thet ftfo is the
desired bundle



njectivity suppose fYfo ftCfo Pick noex let y iffool ya film
Assumefornow

that y y yo
ftCfo ft Eo means that both bundles correspond to isomorphic actionof
Xiao on a i e I an automorphism peArth s t forevery VEIT XD

P fills if 2 of Thus f o f f 2 e t ret X xo

Now we constructthehomotopy
First construct on X Contract a maximal tree T of X to getwedge
of circles we know that fi lx e fi ly so cen assume X
hes a single vertex do and is a wedge of circles

08 q.gs
Nowhomotope the wedgeunder f to the one under fr bymoving thecentreof thewedgealong a loopcorresponding to Penta this is wherewe
use f fi 8 of f 8

off o.pt gsfl gBf 888
To extend homotopy from x'x I to xx I proceed inductively Suppose herehomotopy
on X t I i ne z This is the n skeleton of Xx I Take an Cntil cell
et attachedby its bdrydent Ish since su simplyconnected can lift attaching

Mep to s EAnta and since EAuta
contractible thisallowsus to extend to

eat fanta and thus to eat EAuth
Nowto deal withthegeneral y ty case note that we can always

homotepefto a mep
sendingnoteYz Homotopeonxyt bysimplyelongatingthewedgedonga path

fromytoyathenextend
to xx I bythesamemethoddescribedabove

Remote The last part of the proof didn't use anythingspecial
about this problem's context and really proved a generalfact
If X is a cw complex then any mep f x2 Ba

can be extended to X Ba
This makes sense because maps into BG are entirely

coded

on the level of IT s and T s are entirely capturedby
2 skeletons

Relatedusefulfect Ex y homotopyclassesofmaps X Y

x y beseptpreservinghomotopy
classesofmaps
X Y

When X Y are path connected
X Y C X 47 Ti 41


